Abstract. Cosmic strings induce minihalo formation in the early universe. The resultant minihalos cluster in string wakes and create a "21 cm forest" against the cosmic microwave background (CMB) spectrum. Such a 21 cm forest can contribute to angular fluctuations of redshifted 21 cm signals integrated along the line of sight. We calculate the root-meansquare amplitude of the 21 cm fluctuations due to strings and show that these fluctuations can dominate signals from minihalos due to primordial density fluctuations at high redshift (z 10), even if the string tension is below the current upper bound, Gµ < 1.5 × 10 −7 . Our results also predict that the Square Kilometre Array (SKA) can potentially detect the 21 cm fluctuations due to strings with Gµ ≈ 7.5 × 10 −8 for the single frequency band case and 4.0 × 10 −8 for the multi-frequency band case.
virial temperature is below 10 4 K [13, 15] . The minihalos due to string wakes can dominate nonlinear structures at z 15, even if Gµ is set to the current upper bound.
Minihalos are virialized nonlinear objects whose masses span the range from less than 10 4 M ⊙ to 10 8 M ⊙ . Therefore detection of minihalos is an important channel for accessing information about small-scale density fluctuations. Since the virial temperature of minihalos is generally below the threshold for atomic hydrogen line cooling, and in the lower mass range even below the threshold for molecular hydrogen cooling, they cannot further collapse to form stars. Accordingly, it is difficult to observe minihalos directly because they are not accompanied by luminous objects. However, the hydrogen density and the temperature in minihalos is high enough to contribute to deviations of the population of the hyperfine levels in neutral hydrogen from the background values. Therefore, minihalos can in principle be detectable as sources of redshifted 21 cm lines [25] [26] [27] [28] .
In this paper, we study redshifted 21 cm signals from minihalos due to cosmic strings. Such minihalos cluster in cosmic string wakes and create a "21 cm forest" that is detectable against the CMB spectrum. Since wakes are distributed discretely, the 21 cm forest in wakes contributes to the angular fluctuations of 21 cm signals. Generally, clustering (or non-Gaussianity) of minihalo distributions can enhance the fluctuations of 21 cm signals integrated along the line of sight [29] . Clustering depends on the fragmentation of wakes to minihalos. Adopting a simple analytic model, we calculate the fluctuations of 21 cm signals due to string wakes. This paper is organized as follows. In section 2, we briefly review the formation of minihalos due to cosmic strings. In section 3, we discuss the 21 cm signal from a single minihalo. In section 4, we calculate observational predictions of rms fluctuations of the redshifted 21 cm lines from minihalos due to cosmic strings. We also discuss the detectability of the fluctuation signals by SKA. We conclude in section 5. Throughout the paper, we are using natural units, = c = 1. We also assume a flat ΛCDM model with cosmological parameters, h = 0.7, h 2 Ω b = 0.023 and h 2 Ω c = 0.115.
Minihalo formation in cosmic string wakes
Due to the geometrical effects of a moving long string, matter accretes onto a planar wake formed behind this string. The wake grows by matter accretion and finally becomes a planar virialized object. However, since a planar object is unstable by virtue of its own self-gravity, the wake fragments into minihalos. In this section, following ref. [15] , we briefly review minihalo formation in cosmic string wakes.
Cosmic string wakes
The geometry around a straight cosmic string is conical with the deficit angle, α = 8πµ [30] . Due to this geometrical effect, a moving long string with relativistic velocity v s gives matter a kick velocity in the direction of the plane swept out by the string,
where γ s is the Lorentz factor of v s . Accordingly, the two streams of matter overlap in the string wake and produce an overdense region. After radiation-matter equality, the wake evolves by gravitational instability and finally collapses to a virialized planar object [6] . The evolution of a string wake has been studied by using the Zel'dovich approximation [2, 31] . We consider a matter particle at an initial comoving distance x on a wake. At the initial time t i , the matter particle obtains a kick velocity v k . The trajectory of this particle can be written as r(x, t) = a(t)(x + ψ(x, t)), (2.2) where ψ is the comoving displacement (for simplicity, we assume that the scale factor is normalized as a(t i ) = 1 in this section). In the Zel'dvich approximation, the evolution of ψ in the matter dominated epoch is given bÿ
with the initial condition, ψ(x, t i ) = 0 andψ(x, t i ) = −v k ǫ(x) where ǫ(x) = 1 for x > 0 and ǫ(x) = −1 for x < 0. In eq. (2.3), the dot denotes the time-derivative. The solution of eq. (2.3) can be written in the limit of t ≫ t i as
The turn-around comoving surface x ta at time t, which is the distance of a matter particle decoupling from the Hubble expansion, is obtained by the conditionṙ(x ta , t) = 0. This condition is equivalent with x ta (t) + 2ψ(x ta , t) = 0. The turn-around condition provides the turn-around comoving surface as
From the turn-around condition, x ta (t)+2ψ(x ta , t) = 0, the wake width, which is the physical distance from the wake's center to the turnaround surface, is
After turn-around, accretion proceeds, and accreted matter is finally virialized. We assume that accreted matter reaches a virialized state when its radius shrinks by a factor of 2 from that at turnaround. This assumption for virialization gives the relation between the virialization time t c and the turnaround time t ta ; t c = (1 + 1/ √ 2) 3/2 t ta . Due to virialization, the accreted matter is thermalized in a wake and heated to T w provided by
where k B is the Boltzmann constant, m p is the proton mass, µ m is the mean molecular weight, and v c is the velocity of accreted matter at the time t c . With the relation between t ta and t c , the thermalized temperature is evaluated as
where z and z i correspond to the redshifts at t and t i , respectively.
Minihalo formation
The size of a cosmic string wake depends on the initial time t i at which a string starts to produce the wake. Therefore, we need to model the cosmic string network. The string network is likely to evolve toward a scaling solution at which the string distribution is statistically independent of time if string lengths are scaled to the Hubble radius. For a representation of the cosmic string network, we adopt an analytical toy model given in refs. [15, 20] . Cosmic strings can produce wakes after the time of matter-radiation equality, t eq . We divide time from the time t eq to the present time t 0 into Hubble time steps. We label the Hubble time steps as t 1 = t eq , t 2 = 2t eq , ..., t m = 2 m−1 t eq . In each time step, we assume N s long strings per Hubble volume. Each string has a length γt (γ 1) and a velocity v s in a random direction. We also assume that the string networks are uncorrelated between different Hubble time steps. Now we consider a long string laid down at time t m . We assume that the string makes a virialized wake with the initial dimension γt m × v s γ s t m × w m (z m ) where w m (z) = w(t, t m ) and z m denotes the redshift at time t m . A wake evolves with time. The planar dimension γt m × v s γ s t m grows due to the Hubble expansion, while the growth of the wake width w m follows eq. (2.6). Therefore, the volume of the wake at a redshift z,
The mass of the wake at z is given by
where ρ b (z) is the background density at z and, in a factor of four, a factor of two comes from eq. (2.6) and the another of two is due to the fact that the virial radius is half of the wake width. A planar wake is gravitationally unstable. A wake fragments into filamentary structures and, finally, these filaments break into beads. The length scale of the fastest growing mode is roughly 2πw(t) in both fragmentations to filaments and to beads [13, 32, 33] . Therefore, we assume that a string wake fragments to beads with radius w m (z). Since the density in a virialized wake is four times larger than the background one, the mass of a fragmented bead is given by
Finally, the resulting beads are virialized to form quasi-spherical halos. The virial temperature of a virialized halo can be obtained from
where v vir is the gas velocity of the halo. Assuming that the virialization is accomplished at the half-radius of the wake w, r vir = ω/2, we can obtain v vir by solving equations for the virial relation, 13) and the energy conservation between a pre-virialized bead and a virialized halo, where r vir is the radius of a virialized halo and v b is the thermal velocity in a bead. Since the fragmentation does not change the thermal energy significantly, we assume that the velocity v b corresponds to the wake temperature T w given in eq. (2.8).
We plot the redshift evolutions of halo mass and virial temperature in wakes produced at different z m in figure 1 . In the figure, we take Gµ = 10 −7 . We also use v s = 0.5 and γ = 1. As the redshift decreases, both values increase. The redshift dependences of halo mass and virial temperature are roughly z −3 and z −1 . Halos due to string wakes have lower density and cooler virial temperature than in the standard ΛCDM model (cf. T vir ≈ 700(M/10 6 M ⊙ ) 2/3 (z/10) K [34] ). As shown in the right panel of figure 1 , the virial temperature of halos in wakes is below 200 K even at z = 5. The virial temperature of the halos is not high enough for atomic cooling (T vir 10 4 K) nor even for hydrogen molecular cooling (T vir 200 K). Therefore, these "minihalos" cannot contribute to star and galaxy formations in the early universe.
For reference, we plot the CMB temperature as the thin line in the right panel of figure  1 . At high redshifts, the virial temperature of halos is lower than the CMB temperature. Therefore, the 21 cm signals of minihalos are expected as absorption signals against the CMB. On the other hand, the virial temperature of halos in old wakes at lower redshifts becomes larger than the CMB temperature. The signals from such minihalos are emission signals. We discuss these in more detail in the following section.
Since we assume that the virial radius is a half of the bead radius, w(z)/2, the typical density of minihalos is eight times larger than the one of a virialized planar wake. Therefore, in terms of the background matter density ρ b , the typical density of the minihalos can be expressed by ρ vir = 32ρ b .
Redshifted 21 cm lines from a minihalo
Although a minihalo cannot produce stars and galaxies, the density of neutral hydrogen becomes denser and the gas temperature is heated higher than the background values. As a result, the spin temperature of a minihalo is decoupled from the CMB temperature and is different from the background spin temperature. Therefore, a single minihalo can generate an observable 21 cm line signal.
The 21 cm signal from a minihalo depends on the profiles of the hydrogen density and temperature in a minihalo. The shock thermalization at the virialization of a minihalo makes the minihalo isothermal at T vir . For simplicity, we assume that the baryon density of a minihalo inside the virial radius is also uniform due to the shock, ρ vir = 32ρ b .
The 21 cm signal from a single halo is observed as an emission or absorption signal against the CMB. Therefore, it is useful to express the observed 21 cm line flux from a minihalo per unit frequency relative to the CMB photon flux [25] ,
where δF is the differential total flux from the CMB photon flux, ∆Ω halo is the solid angle subtended by the minihalo, ∆Ω
where T b (α) is the brightness temperature along a line of sight through the minihalo and a function of impact parameter α (in unit of R vir ) from the centre of the minihalo. We obtain T b (α) from the equation,
where τ is the 21 cm optical depth of neutral hydrogen to photons along a line of sight with impact parameter α and T S is the spin temperature. The 21 cm optical depth with α at frequency ν is provided by [26] 
where A 10 = 2.85 × 10 −15 s −1 is the Einstein A-coefficient for the 21 cm transition, n HI is the number density of neutral hydrogen in the minihalo, φ(ν) is the normalized line profile, ν em is ν em = (1 + z)ν, ℓ is a radial comoving distance given by ℓ 2 = R ′2 + (αR vir ) 2 , and the subscript * denotes the values corresponding to 21 cm. Since gas inside the minihalo is thermalized at T vir , the line profile is broadened by the thermal Doppler shift,
where ∆ν D = ν * 2k B T vir /m H with hydrogen mass m H . The spin temperature T S is determined by the balance between CMB photon absorption, collision between atoms and scattering off Lyα photons [35] ,
where y c and y α are the collisional and Lyα coupling constants. Throughout this paper, we neglect the Lyα coupling terms, because we are interested in high redshifts where Lyα photon sources (stars and galaxies) do not form efficiently. For y c , we use the values in ref. [36] . Since the 21 cm signals are either line emission or absorption, the total (integrated) differential flux from a minihalo is obtained by multiplying the flux at ν = (1 + z)ν * by a redshifted effective line width ∆ν eff [25] ,
For the case of a thermal Doppler shift, the effective line width is given by ∆ν eff = √ π∆ν D /(1+ z).
Since we assume that the gas density and temperature are homogeneous in a minihalo, the spin temperature of the minihalo is also homogeneous. According to eq. (3.3) in the limit of τ ≪ 1, the differential 21 cm flux from the minihalo is proportional to T S − T CMB . We plot the redshift evolution of this value for wakes with different z m in figure 2. With the gas temperature increasing, the collision coupling becomes large and the spin temperature is more efficiently dragged to the gas temperature from the CMB temperature. The virial temperature of minihalos is larger in old wakes (small m label) than in young wakes, as shown in figure 1 . Therefore, the deviation of the spin temperature from the CMB temperature is larger in minihalos inside wakes with small m label. Figure 2 also shows that the difference between T S and T CMB becomes large, as the redshift increases. This is because the virial temperature is low at high redshifts as shown in figure 1 . The collisional coupling at high redshifts is efficient due to the redshift dependence of the density, even though the virial temperature decreases. The spin temperature is dragged down to the low virial temperature and the difference from the CMB temperature is enhanced.
As wakes grow, the virial temperature of minihalos increases and, finally, it becomes larger than the CMB temperature as shown in figure 1. At this time, the 21 cm signal changes from absorption lines (T S − T CMB < 0) to emission lines (T S − T CMB > 0). We can see this transition for z m = z 1 or z 4 in figure 2 where the absorption and emission signals are represented as thick and thin lines, respectively. The redshifts at which the signal transitions occur correspond to those at which each virial temperature exceeds the CMB temperature in figure 1.
Fluctuations due to the 21 cm forest in cosmic string wakes
Minihalos cluster inside a cosmic string wake. These minihalos create a "21 cm forest" of emission or absorption lines against the CMB spectrum, when CMB photons pass through a string wakes. Therefore, the distribution of a 21 cm forest depends on that of the string wakes and it can contribute to the angular fluctuations of redshifted 21 cm signals. In planning observations by a radio array, the key observable value is the root-mean-square (rms) fluctuations of redshifted 21 cm signals integrated along the line of sight with observation frequency bandwidth. In this section, we evaluate the rms fluctuations, assuming an observation at a mean frequency ν obs where the survey volume is pixelized with frequency bandwidth ∆ν and beam size ∆θ in the longitudinal and transverse directions, respectively
We consider a spherical redshift shell at z obs , which satisfies ν obs = (1 + z obs )ν * , with width ∆z corresponding to the observation frequency bandwidth ∆ν. We divide the shell into cells whose angular size equals the beam size ∆θ of the observation. We begin by evaluating the fraction of cells where a wake is produced by strings laid down at time t m .
When we consider strings with number density n s and velocity v s , the number of strings that cross this shell is given by [20] 
where r m is the physical radius of the shell at z m , H m is the Hubble parameter at z m and θ s is the angle between the direction of velocity and the normal vector to the shell. For simply, we assume the averaged angle is cos 2 θ s = 1/2. At the last equality sign, we rewrite N m in terms of the number of strings per Hubble volume, N s , for convenience. The number N m corresponds to the number of wakes on the shell. For simplicity, we consider the case where a string vertically crosses the shell sphere (cos θ s = 1). The cross section dimension of the string crossing the sphere is γt m × w m (z m ) at z m . As time increases, the wake grows and the cross section dimension reaches γt m (1 + z m )/(1 + z obs ) × w m (z obs ) at z obs . Since the angular size of w m (z obs ) much less than ∆θ, the wake at z obs stretches γt m (1 + z m )/(1 + z obs )/∆d cells on the sphere where ∆d corresponds to the physical scale of ∆θ at z obs . Therefore, the fraction of cells at which we can find a wake produced by strings laid down at time t m is provided by 2) where N total is the total number of cells on the sphere, N total = 4π/∆Ω beam with ∆Ω beam = π(∆θ/2) 2 . For f cell,m ≪ 1, the fluctuations of redshifted 21 cm lines are caused by cells occupied by wakes. On the other hand, for f cell,m ∼ 1, the fluctuations are made by void cells (non-occupied cells). In our parameter region, f cell,m is below 0.5. Therefore, it is assumed that the fluctuations are caused by cells occupied by wakes in this paper. In a cell occupied by a wake, the volume of the wake at z obs is ∆d× ∆l × w m (z obs ) where ∆l is the physical scale corresponding to the redshift width ∆z. As discussed in section 2.2, a wake fragments into beads with radius w m (z obs ) and, then, they are virialized to minihalos with radius w m (z obs )/2. Accordingly, the number of minihalos (beads) in a cell occupied by a wake is written as
3)
The minihalos are biased tracers of string wakes. Therefore, N h,m corresponds to the linear bias of halos due to the primordial density fluctuations. So far, we have considered only the case for cos θ s = 1. The different θ s modifies the projected cross section on the observation shell and the occupied volume in a cell. As a result, f cell and N h should be functions of θ s . However, the averaged direction of strings is cos 2 θ s = 1/2. The difference from the case for cos θ s = 1 is expected to be a factor of a few. Therefore, we neglect the effect of cos θ s = 1 on f cell and N h .
We have calculated the differential flux from a single minihalo in eq. (3.7). Using this equation, we can write the differential flux per unit frequency from all minihalos in a cell occupied by a wake as
where δF ν,m is the differential total flux of a minihalo induced by a cosmic string laid down at t m . We define the effective differential brightness temperature δT b,m in a cell occupied by a wake as
According to eqs. (3.7), (4.4) and (4.5), we can obtain δT b,m as There is no correlation between string networks at different time steps, t m . Hence, the total rms fluctuations are obtained by taking the summation of the contributions from all wakes existing at z obs ,
We show δT 2 b 1/2 for different Gµ 7 (Gµ = Gµ 7 × 10 −7 ) as functions of redshift z obs in figure 3 . Here, we set ∆ν = 1 MHz and ∆θ = 9 ′ , considering the current status of SKA. The significant contributions to δT 2 b 1/2 are made by minihalos in wakes produced at earlier times (small m labels). As shown by the solid lines (z m = z 1 ) in figure 2, such halos create emission signals at lower redshifts and absorption signals at higher redshifts. As a result, most of the 21 cm fluctuations are measured as emission signals at lower redshifts (z obs < 15) for Gµ 7 = 1.0, while the absorption signals dominate at higher redshifts (z obs > 15). For Gµ 7 = 0.5, the gravitational interaction of cosmic strings is small so that the strings cannot create halos whose spin temperature is larger than the CMB temperature at lower redshifts. Therefore, absorption signals are dominant even at z obs 10 and the emission signals are smaller than 0.1 mK even at lower redshifts for small Gµ.
Minihalos are also formed from primordial density fluctuations. These halos can create the observable fluctuations of redshifted 21 cm lines for future observations. In figure 3 , we plot the expected δT 2 b 1/2 due to the primordial minihalos, following ref. [25] with a Sheth-Tormen mass function [37] and a "truncated isothermal sphere" halo model [38, 39] . Since the mass function of primordial minihalos overwhelms that of wake minihalos, which we study in this paper, at low redshifts, the fluctuations due to the primordial minihalos are dominant at z 8. However, wake minihalos are strongly clustered in a wake. Accordingly, even though the mass function of string halos is subdominant around 8 z 20 (see figure 2 in ref. [15] ), the fluctuations of redshifted 21 cm lines by wake minihalos become larger than the ones by primordial minihalos. In order to illustrate the detectability of the 21 cm signals, we plot the noise for SKA. The telescope noise for a radio interferometer is given by [16] ∆T N ≈ 0. [mK], (4.9) where A eff is the effective collecting area and t int is the integration time. In this equation, the system temperature for an observation is set to the sky temperature of Galactic synchrotron radiation at high latitudes. For SKA sensitivity, we adopt A eff = 10 6 m 2 and t int = 1000 hr. Due to the strong frequency dependence of the sky temperature, the SKA noise grows as z obs increases. However, figure 3 shows that 21 cm emission fluctuations due to string wakes with Gµ 7 ∼ 1.0 can dominate the noise at low redshifts, z obs < 15. We find that SKA can detect the fluctuation signals due to string wakes up to Gµ 7 ∼ 0.75. This detection limit can be improved when the beam size ∆θ increases. This is because the fluctuation signal δT 2 b 1/2 is proportional to ∆θ −1/2 while the noise ∆T N depends on ∆θ −2 . For the beam size ∆θ = 15, we find that the fluctuation signals with Gµ 7 = 0.5 can dominate the noise around z ∼ 13. However, taking too large ∆θ leads to f cell,m ∼ 1 for which the fluctuation signals start to decrease as mentioned above.
Conclusion
In this paper, we have evaluated the redshifted 21 cm fluctuations due to minihalos in cosmic wakes. Cosmic strings produce string wakes, and wakes fragment to minihalos in the early universe. Although minihalos due to strings can dominate nonlinear structures at high redshifts, the virial temperature is below 200 K in our models. Accordingly, they cannot contribute to star and galaxy formation with atomic cooling and even hydrogen molecular cooling. However, we have shown that they can create 21 cm line signals, because the density and temperature of neutral hydrogen in minihalos are high enough to make the spin temperature of minihalos decouple from the CMB temperature and differ from the background spin temperature. The signals are emission lines against CMB at low redshifts, while they are observed as absorption lines.
Since minihalos due to cosmic strings are clustered in string wakes, they can strongly enhance the angular fluctuations of redshifted 21 cm signals integrated over the line of sight. We have evaluated the root-mean-square fluctuations due to minihalos clustered in string wakes with a toy model of string networks. The amplitude of the fluctuations due to wake minihalos becomes large as the redshift increases. Therefore, these fluctuations can dominate those due to minihalos induced by primordial density fluctuations at high redshifts, even if the cosmic string tension is smaller than the current upper limit, Gµ ∼ 10 −7 . In order to estimate the feasibility of the constraint on Gµ by SKA, we have compared the 21 cm fluctuations from minihalos due to string wakes with the SKA noise. Although the SKA noise increases rapidly at high redshifts, we have found that the fluctuations from such minihalos with Gµ ∼ 7.5 × 10 −8 at 10 < z < 15 is potentially detectable by SKA.
Here we have considered only one frequency band to evaluate the detection limit on Gµ by SKA. However, SKA will observe a large range of frequency and many frequency bands will be available. A multi-frequency analysis of 21 cm signals can increase the signal to noise (SN) ratio. We have performed the SN ratio analysis for SKA multi-frequency observation whose redshift range is 7 < z < 15. We have found that, for the multi-frequency observation, the SN ratio with Gµ = 4.0 × 10 −8 becomes larger than one.
The rms fluctuations are enhanced by the number density of minihalos in string wakes. In this paper, we have calculated the rms fluctuations, making simple assumptions about the fragmentation of string wakes. The number density of minihalos strongly depends on the process of fragmentation from wakes. For a detailed study of the fragmentations, numerical simulations are essential. We will address these issues in a future paper.
The amplitude of the rms fluctuations due to strings also depends on the details of the string network. However, our calculation is based on a simple toy model of a scaling solution. Although we have not considered the case of a network, string loops are also produced in the evolution of string networks. The loops can induce early structure formation and contribute to the 21 cm fluctuations. To take into account loop contributions, our future calculations will be applied with a self-consistent string network model including the loop distributions.
